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Mode-Matching Analysis of TEoll-Mode
Waveguide Bandpass Filters

Andrea Melloni, Marco Politi, and Gian Guido Gentili

Abstract-A mode-matching technique for the analysis of wave-
guide bandpass filters employing circular TEo II resonators, cou-
pled by rectangular apertures, is presented. Such a technique
takes rigorously into account thickness and angular offset of
the two coupling irises, and higher modes interactions between
resonators, while overcoming the typical limitations of the avail-
able approximate models. We show, through an optimization
procedure, that it is possible to design filters with a desired
frequency response, without needing any further empiric adjust-
ments. Spurious responses can be controlled too.

I. INTRODUCTION

THE HIGH unloaded Q-factor of TEoll-mode in cylindri-
cal cavity is very attractive for the realization of low-loss

narrow-band filters at millimeter wavelengths. Direct coupled
filters employing this kind of resonators can be designed to
have a very selective passband with steep skirts, together with

a very low midband insertion loss. One further advantage is
the higher midband pulse power capacity, when compared to
other waveguide filters.

The main building block of the TEoll-mode bandpass filter
is the cylindrical resonator shown in Fig. 1, coupled both with

the external rectangular waveguides and with the adjacent
cavities through two rectangular apertures (coupling irises)
which are placed on the cavity sidewall with an angular offset
equal to 26.

The analysis of such filters is usually performed with
reference to approximate models based on “Bethe’s small

coupling theory” [1], later modified by Cohn [2], MacDonald
[3], [4] and, recently, by Levy [5]. Such models cannot take
into account the effects of the coupling apertures on the
TEOII resonant frequency and the higher-order mode coupling

between adjacent resonators and the irises angular offset 26.
Moreover, the design of such filters [6,] [7] is complicated by
the large number of spurious modes that resonate at frequen-
cies that are close to the TEO11 mode and its degeneracy with
TMlll mode. As a result, several empirical adjustments may
be required when bandpass filters are designed according to
the approximate models, and particular care must be taken to
guarantee satisfactory cavity tuning control and suppression

of adjacent modes [8], [9].
This paper proposes a mode-matching technique for an-

alyzing all buiding blocks of the above filter in order to
accurately evaluate their frequent y response. The resulting

Manuscript recewed November 10, 1994; revised May 25, 1995.
A. Melloni and M. Politi are with the Politecnico di Milano, Dipartimento

dl Elettronica e Informazione, 1-20133 Milano, Italy.
G. G. Gentili is with the CSTS-CNR, Politecnico di Milano, Milano, Italy.
IEEE Log Number 9413430.

I+csormtor

External Wavej@ute

@

cl
o @..t

@B

/’

E’
T% 0

COuplmgIrwes

2109

-+---’ 1“ib:, ~ ,+1 -7
h>

A SectIon A-A

Fig. 1, The cylindrical resonator coupled to the external waveguides and to
the adjacent resonators by rectangular coupling irises.

procedure allows the designer to take into account the effect

of all coupling apertures, the angle 2(3 between them (see
Fig. 1), the spurious responses and the higher-order-mode
interaction between adj scent resonators. The only restriction
on the irises dimensions is that the aperture width bi must
be small compared to the diameter R of the cavity. Small
values of the ratio b, /R results in a considerable simplification
of the mode-matching procedure, This, however, is not a
severe restriction as the coupling mainly depends on ai. If,
for any reason, one has to use larger values of bi, the more
general mode-matching procedure reported in [1O], [11] (can
be employed. The technique we propose is quite accurate up
to bJR Y 0.3.

The method is explained in Section II-A for cavities coupled
through irises with identical dimensions. The more general
case of asymmetrical cavities having two different apertures is
treated separately in Section II-B. An extensive convergence
analysis has been carried out in Section III and the efficiency of
the method and other numerical results are discussed in Section
IV. Some prototype filters with one and four cavities have been
built as well in order to validate the method described above.
In these cases, a very good agreement between simulations and
measurements has been observed, as discussed in Section V.

II. THE SOLUTIONOF THE FIELD PROBLEM

The analysis of the TEO1l bandpass filter can be conve-
niently carried out by splitting the whole structure in simpler
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building blocks, as shown in Fig. 1. Only two discontinu-
ities are present: the symmetrical double-step formed by the
junction between the rectangular external waveguide and the
first (last) rectangular coupling iris and the discontinuity at the

junction between the irises and the cavity itself. Each discon-
tinuity is considered separately and its generalized scattering
matrix is evaluated. The overall scattering matrix of the total
filter is then calculated by a suitable direct combination of all
single scattering matrices [12].

In this work, the mode-matching technique is used to
calculate the generalized scattering matrix of each discon-
tinuity since it is a method particularly suitable when the

fields in each region can be expressed analytically as a mode
superposition. The first step of the mode-matching technique
consists in choosing the most suitable modal expansion of
the fields in the regions forming the junction. The analysis
of double-step discontinuities in rectangular waveguide has
been carried out by several authors. In the past [13], [14]
the rigorous TE-TM field expansion was successfully used.
Numerical analysis, however, has verified that the electric E.
component of the scattered field is much smaller than others
in the bandwith of the dominant TEIO mode, suggesting a
TEX field expansion [15]–[17]. The TEC expansion has the

advantage of working with smaller matrices with respect to the
TE-TM case, reducing the CPU time and storage requirements
and it was therefore used in this work.

Let z be the direction of propagation in the rectangular
region, that is the external waveguide and the coupling irises,
as shown in Fig. 2. The modal expansions of the fields com-
ponents are derived by an x-directed magnetic scalm- potential
II.x. The expressions of potential and fields, assuming a

dependence of the type e~wt, are the following

(1)

where ~~ is the rectangular mode function

c. is the Neumann factor which equals 1 if n = O and 2
if n # O and a normalizing coefficient has been introduced

so that ~’ q$~ dS = 1. q is some combination of m and n
and k = w@. The mark ❑ is used to distinguish quantities
related to the rectangular region from quantities related to the
circular one, indicated in the following with 0.

In (2), (3) the modal eigenfunctions are

eY~ = jwp$~ (5)

hzq = (k’ – k:m)#:/~q (6)

being -y~ =
d

I&m + k~m – k2 the propagation constant,

k~m = (2m+l)n/a and kvn = n~/b with m,n = 0,1,... cm.

11

Fig. 2. Top view of the iris-cavity junction.

Finally a$ and a; are the incident and reflected modal
coefficients, respectively.

Let’s now concentrate on the fields modal expansion in the
cylindrical cavity. The external waveguide operate in TEIO
dominant mode and the coupling irises are below the cut
off. Under these conditions, and due to the orientation of the
waveguide itself (see Fig. 1), no 13Z component exists in the
coupling irises and hence only TEZ mode (simply TE in the
following) are excited in the cavity.

In practice TM modes could be weakly excited because of

unwanted asymmetries and losses, but in general their effects
are negligible and they are not considered in the following.
The TM1ll-mode is the only one that can seriously affect the
bandpass filter performance because it is degenerate with the
TEoll-mode. This degeneracy can be split simply by using
a noncontacting tuning plunger or by modifing the resonator
as in [8, 9], but these are empirical adjustments and are not
considered in this analysis.

The cavity can be considered as a radial waveguide of height

h. The termination of such a waveguide with an ideal electric
surface with two rectangular apertures at a distance R from
the center of the cavity will be enforced later by the mode-
matching technique. After that, the modal field components of
interest in the cavity are [10], [18]

p=l

cc

(7)

(8)
p=l

where

yo = ~cjJi(~cA = ti:j R
P J; (ttcj R) JL+l(f%JR)

(9)
i – “~R .1,(&.~R)

being K,C3=
d

k2–E~3, 6Z1 = jx/h, and i = 0,1, . .. co.

j = 1,2, . . . m are integer numbers depending on p.
In (9) the ratio between the two first kind Bessel functions

J of order i + 1 and i can be easily calculated [19, p. 363].
Moreover CPis the modal amplitude coefficient and q$~%(p, x)

is the modal eigenfunction

where c% = 1 if z = O and e, = 2 otherwise. As for the
eigenfunction of the rectangular waveguide, a normalizing
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factor has been added so that j~#$dS = 1 over the cavity

sidewall S.
m

Note, by the way, that the field has been expanded in
first kind Bessel functions. This physically means that the
cavity fields are expanded in stationary modes and (7) and (8)

represent the solution of the Helmholtz equation in cylindrical
coordinates, once the singularity in r = O has been removed.
Moreover modes with ~.j = O do not satisfy the boundary
condition on the bottom and the top of the cavity and they
can be neglected.

Finally, if the coupling apertures are placed midheight on
the cavity sidewall, only symmetrical modes with respect
to the z direction have to be considered, that is kZm =
(2m+ 1)~/a, ~Z. = (2j + l) T/h and m,j = 0,1,2.. .oa.

In the next two sections the continuity of the fields in the

apertures and the boundary condition on the metallic sidewall
of the cavity permit the obtaining of the generalized scattering
matrix of the resonator.

A. Symmetrical Cavity

A simple but important case is represented by a cavity with
two identical apertures symmetrically placed with respect to
the height of the cavity. Cavities with two different apertures
are treated in the next section.

By taking advantage of symmetry, only half of a cavity,

obtained by inserting either an electric or a magnetic wall at
the symmetry plane, has to be analyzed. A top view of half
of the cavity so obtained is shown in Fig. 2 together with the
electric and magnetic field components to be matched. The

two generalized one port scattering matrices of half the cavity
are derivable by suitable projection of the E-field and H-field
continuity equations over the aperture. If b, is small compared
with R, the derivation of the two equations is straightforward.
This assumption means that the curvature of the matching
surface, named o in Fig. 2, can be neglected. The E: electric
field component in the iris is therefore neglected and the
continuity between the cavity electric field E; and the electric

field component E: in the rectangular aperture, tangential to

a, must be enforced, i.e.,

{

E: Iaperture
E; =

0 Icavity sidewall
(11)

(12)

To enforce the boundary condition on the cavity side-
wall—that is the vanishing of the tangential E-field-and the
continuity of the electric field through the aperture, (11) is
projected by using the cavity eigenfunctions +~%(p, x) over

the cavity sidewall. On the contrary, the continuity equation
of the magnetic field (12) is projected using the eigenfunctions

d: (z, y) on the aperture surface a.
This leads, after substituting (2), (7), (3), and (8) in the two

continuity equations, to the matrix equations

{

;C =H%(A++A-)

H;Y” C =Yn(A+ –A-)
(13)

where A+ = [a:], A– = [a;] and C = [CD]are the incident,
reflected and st&ionary mod~l amplitude vectors coefficients,

H% is the coupling matrix and Yn and YO are two diagonal
square matrices of normalizing coefficient. Superscript ‘7”
denotes transpose. Note the 1/2 factor in the first of (13),
resulting from the insertion of the electric and magnetic wall
in the simmetry plane.

The elements of the coupling matrix are defined as

explicit form for which. always under the assumption of small
b,, is reported in Appendix, while

By solving the two matrix (13) as usual, the two scattering

one port matrix S, and Sn result

(s% = Yn + 2HTY0He
) (

–1 Yn _ 2HTY0H~
m, )

(16)

and then the scattering matrix of the whole symmetric res-
onator is

% + seSll= ~

Sm – se
S21= ~ .

Note that Sll and Szl are real numbers

operate below their cut-off frequency and
be implemented using only real algebra.

B. Asymmetrical Cavity

((17)

because the irises
the technique can

The case of a cavity with rectangular apertures of different
dimensions is now investigated. The most direct approach
considers a symmetrical resonator with two apertures equal
to the larger one followed by a symmetrical double-step

to reduce the dimensions of one of the two apertures. The
symmetrical resonator generalized scattering matrix must be
therefore cascaded [12] to the double step one placed at a null

distance from the aperture on the cavity sidewall.
This approach is quite simple because all the needed

building-block are already available and one has only to
combine them. However the computational cost is heavy, a
great number of matrix operations are needed and the case of
two apertures placed at different heights cannot be handled.
The most powerful approach consists therefore in considering
the whole resonator.

As for the symmetrical case, the continuity of the electric

and magnetic fields in the two apertures must be enforced,
toghether with the vanishing of the tangential electric field
on the metallic sidewall of the cavity. The two equations are

written as follows

@P ~ ep($~

P

{

x,(a~ + a;q)el,q + ~q(a~ + a;,)ewq ~lg)——
o (cavity sidewall)
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P

q q

where the subscript 1 and 2 have been added to quantities
relative to the first and second aperture, respectively.

Equation (18) must be projected onq$~e and the magnetic

field-continuity (19) on q$~q and ~~g to ~olve the scattering
problem. In matrix form, the three equations are

\

Y~(Af – A;) = H~Y°C

Y~(A; – A;) = H;Y”C

and lead, after the elimination of the amplitude
the generalized scattering matrix

S,l = (YF + T)-l(Y~ – T)

S12 = (YF + D)-lFT(I + S22)

S21 = (Y9 + G)-’F(I+ Sn)

SZZ = (Y:+ R)-l(Y~ – R)

where

T = D – FT(Y~ + G)-lF

and

R= G –F(Y~+D)-lFT.

The two coupling matrices, whose coefficients
in Appendix, are

[

HI = ‘le
Hlm

and

[1
D FT

FG

(20)

vector C to

(21)

(22)

(23)

(24)

(25)

(26)

are reported

[1
H2.

and H2 =
H2m

(27)

[1
HT

1 Y“[HI H2].
H:

(28)

The simpler form for symmetrical cavity given in (16), (17)
can be obtained by simply setting Y? = Y~ and H1 = H2
in the equations above. Also in this case only real algebra is
needed.

III. CONVERGENCEPROPERTIES

In the mode-matching technique the field mode expansions
are truncated for practical reasons and it is well known that
the choice of the number of modes it is not always an easy

matter. The extensive studies on the subject, both for a generat

discontinuity [20], [21] and for the iris-cavity discontinuity

[10], demonstrated that the ratio between the number of modes

used on each side of the junction plays a very important role

in the convergence behavior of the mode matching technique.

The best rate of convergence is obtained if the same spatial

resolution of the field mode expansions in the two region

forming the discontinuity is ensured [20]. This means that all

the modes having a cut-off frequency lower than a prescribed

value must be taken into account, both in the waveguide and

in the cavity.
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Fig. 3. Scattering coefficients convergence of a symmetrical cavity. See text
for dimensions.

In the structure of Fig. 1 two convergence analysis have
been carried out. The first one focuses the attention on the
discontinuity between the rectangular iris and the cylindrical

cavity (for the convergence behavior of the double-step dis-

continuity see [17], [21 ]). Fig. 3 shows the convergence of
the reflection coefficient S11 and the transmission coefficient

S21 (both are real numbers) as a function of the total number
of modes in the iris and in the cavity. The dimensions of the
considered cavity are D = 34 mm,h =18 mm, 20 = 180°,
with two identical apertures of dimensions a, = 9 mm and
bi = 6 mm. The analysis has been carried out at 13.8 GHz
and shows that about 10 modes in the iris are sufficient to
guarantee a value that differs less than 1% from the asymptotic
one (obtained with 140 modes in the iris).

The second convergence analysis is devoted to the whole

structure. A one-cavity filter is analyzed in order to study the
influence of the various discontinuities. The accuracy in the
evaluation of the resonant frequency and the quality factor of
the loaded cavity, the two parameters on which the design of
a filter is based, is discussed.

Fig. 4(a) and (b) show, respectively, the percent error on the

quality factor Q and on the resonant frequency for the above
mentioned cavity coupled to an external R 120 (19.05x9.525
mm) rectangular waveguide. Three different coupling irises

with lengths t, are considered and the errors refers to the
asymptotic values. It is interesting to note that the resonant
frequency of the TEoll-mode is determined accurately even
with very few modes in the iris while the evaluation of the Q-
factor needs a more accurate analysis. Finally the convergence
is faster for long irises (i.e., t, = 4 mm) because of the weaker
interaction of higher order modes between the double step
discontinuity and the aperture in the cavity sidewall.

A further convergence analysis concerns the difference
between the two approaches proposed for the analysis of an
asymmetrical cavity. In Fig. 5 the same cavity as above but
with two different irises with dimensions al = 9 mm, bl = 6
mm, a2 = 8 mm and b2 = 5 mm is considered, The scattering
coefficients are reported as a function of the number of modes
used in the irises. The continuous lines represent the scattering
coefficients obtained with (21 ) to (24), that is considering the
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Fig. 5. Comparison between the rate of convergence of two approaches for
the anatysis of an asymmetrical cavity. Equations (21) to (24) in continuous
line. Symmetrical cavity + double-step in broken line. See text for dimensions.

asymmetrical cavity as a whole, while the dashed lines show

the results obtained by cascading a symmetrical cavity with
a double-step to shrink one of the irises. The effectiveness

of the former approach is supported by a much faster rate of
convergence.

Concerning the computation speed, a comparison in terms

of number of matrix multiplications and inversions is difficult

to carry out because of the different matrix sizes. Equations

(21) to (24) involve 4 matrix inversions and 11 matrix mul-
tiplications while only 2 inversions and 4’ multiplications are
needed to calculate the generalized scattering matrix of the
symmetrical cavity. In addition to that, one must account for
the cascading with the double-step discontinuity, which is a
quite time-consuming process. In conclusion it was observed
that the symmetrical cavity + double-step approach, although
easy to implement, requires a large number of modes to obtain

–s01 I
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Frequency [GHZ]

E!Ezz51
11 115 12 !25 13 135 14

Frequency [GHZ]

–80 I I
11 115 12 125 13 13.5 14

Frequency [GHZ]

Fig. 6. Frequency response of a single cavity filter for different vatues of
the angular offset 20. See text for structure dimensions.

a satisfactory accuracy of the solution and as a whole the direct
method is less time-consuming.

IV. NUMERICAL RESULTS

A cavity with diameter D = 34 mm and height h =20.5
mm, coupled by two identical irises with dimensions ai =
8 mm, bi = 4 mm and ti = 3mm to an external R120
waveguide is considered. The frequency response is reported
in Fig. 6 for four values of the angle 28:90°, 120°, 150° and
180°. The TEz1l, TEO1l and TE311 resonant frequencies are

cleary visible and transmission zeros too. The TEO1l resonant
frequency and the quality factor are only slightly affected by
the irises position because of the angular uniformity of his
fields while the TE211 and TE311 spurious modes frequency
behavior depends in some way on this angle.

Also the frequency position of the transmission zeros

strongly depends on the angle 20, as already observed by
Kreinheder [22]. In his paper, Kreinheder explained accurately
how and why nulls could appear between two resonant modes

and shows, experimentally, that by controlling the angular

offset of the apertures it is possible to place a transmission
zero near the TEol 1 resonance and steepen the rejection skrpe.
An interesting feature of these zeros is that their positions,
relatively to the TEOI~ mode resonance, do not depend either
on the irises dimensions or on the cavity ratio D/h, at least
in the range D/h = 1.38 to 2.0, the most c~mmonly used
ratio range. The positions of the transmission zeros versus the
angular offset are reported in Fig. 7. Both the null frequency
between the TE211 and TEO11 mode and between the TEo1l
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Fig.8. TE311 spurious moderesponse ptiidly suppressed bya@ansmission
zero.

and TE311 mode are reported. In the figure the null position
is normalized to the theoretical TEO1l resonant frequency. It
must be noted that these nulls exist only for certain angles

and vanish or move away outside these intervals. With an
angle of about 147°, the two nulls are equally spaced from
the TEO1l and this permits an approximatively symmetrical
insertion loss characteristic.

A further interesting numerical result is shown in Fig. 8.
Even if there is not an angle that allows one to minimize

at the same time the coupling with the TE211 and with the
TE311 spurious mode, it’s always possible to try to suppress
the resonance of the TE311 by means of the transmission zero.
For the above cited cavity for example, the angle 2d = 147.6°
permits maintaining the TE311 response below 20 dB. This
can be useful to increase the selectivity and the rejection in
the design of bandpass filters.

V. EXPERIMENTAL RESULTS

A number of prototype filters with one and four cavities

have been realized and measured to test the proposed method
of analysis.

The simpler prototype was a symmetrical single cavity

filter with dimensions ai = 8 mm, bi = 4mm, D = 34
mm, h = 20.5 mm. The cavity without apertures resonates
at 13 GHz. The cavity was coupled to an RI 20 external
rectangular waveguide by two 3 mm} long rectangular irises
forming an angle 20 = 180°. Only a simple tuning plunger
has been included for tuning purposes, without any absorbing
material beyond the movable endwall. The whole cavity was
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~ –8

&–lo
rn

–12

–14

–16

Al

● Measured

–18

_20~
12.91 12.92 12.93 12.94 1296
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Fig. 9. Magnitude of S21 in dB versus frequency for the single cavity
filter. Comparison between computed and measured response near the TEO11

-80 ~ ! I 1 I 1 1 I
891011121314 15

Frequency[GHz]

Fig. 10. Magnitude of S21 in dB versus frequency for the single cavity filter.
Wide band comparison between computed and measured response.

TABLE I
FOUR-CAVITY BANDPASS FILTERS’ DIMENSIONS [MM]

D a, h tl 12 t3 h, hl 28, 2$2

This paper 15.0 4.6 2.0 2.S52 7.757 8.630 9.911 9.956 90° 90”
[6] 15.0 4.6 2.0 3.310 6102 6.846 10882 10.8&2 -

silver plated to reduce losses and the plunger was made non
contacting with the cavity sidewalls in order to split the

degeneracy between the TEOI1 and TM1ll mode.
A comparison between calculated and measured insertion-

10SS, obtained by a transmission and reflection test unit, is
shown in Fig. 9 near the TEoIl mode resonant frequency
and in Fig. 10 over a very wide frequency band. Resonant
frequencies of the TE1ll, TE211, TEO1l, and TE311 modes

are clearly visible, together with the transmission nulls due to
mode interactions. Both figures shows an excellent agreement
between calculated and measured response, not only near the
TEO1l resonant frequency band but all over the whole mea-
sured band. The discrepancies near the resonant frequencies
of a spurious mode are essentially due to the movable tuning
endwall.

This accurate method of analysis have been successfully

employed for the design of bandpass filters. An optimization
program applying the evolution strategy method used in [13]
varies the dimensions of the structure until the desired fre-
quency response is obtained. The starting dimensions can be
calculated resorting to the approximated techniques available
in literature [6], [7], based on the small hole coupling theory
[1], [3], [4] by Bethe.
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Fig. 12. Insertion and return loss in dB versus frequency for a four cavities
filter (see Table I for dimensions). Comparison between computed (––-) and

—) response.measured (

A four cavity bandpass filter is shown in Fig. 11. The center
frequency is 28 GHz and the bandwidth is 80 MHz. Table
I reports filter dimensions before and after the optimization.
Note that irises angles are not taken into account by the

approximate design.
The prototype has been silver plated to reduce ohmic losses

and include four tuning plungers and five small screws placed

in the coupling irises. The comparison between measured and
calculated insertion and return losses are reported in Fig.
12. The agreement is quite good and the ohmic losses at
28 GHz are limited to about 1 dB. The five screws were
practically unused and it has been observed experimentally that
the non touching plunger play a quite important role at these
frequencies. A too large plunger is not efficient in splitting the
resonant frequencies of TM1l 1 and TEOI 1 mode while a too
small plunger also seriously affects the frequency behavior of
the main mode. An experimentally accurate choice of this part
is mandatory.

VI. CONCLUSION

The mode-matching technique have been used in this paper
for the analysis of TEO1l mode bandpass filter. The numerical
method reported in this paper can overcome many limitations
of the approximate models available in literature presently.
Namely, it is now possible to examine the influence of the
angle 20 on the resonator frequency response, to determine

accurately the position of other resonant spurious modes and

transmission zeros and to take into account the higher order
modes interactions between adjacent resonators. The only
restriction on aperture dimensions is b~/R < 0.3.Numeric-

al properties of the technique have been widely discussed.
Numerical and experimental results referring to a single cavity
and a four cavity filters are presented too, showing a very good
agreement between the measured and calculated frequency
responses.

APPENDIX

ELECTRICAL AND MAGNETIC COUPLING COEFFICIENTS

Referring to Fig. 2 and (14) the coefficients of the electrical

coupling matrix HE are calculated. Expressions refer to a sym-
metrically placed aperture under the assumption of bi small by
respect R. Here a and b equal al, bl—the dimensions of one
aperture-when calculating H1 and az, b2—the dimensions of
the other aperture-when calculating H2. It is found

where PI = /3+ sin–l ~ E=’6 + ~. In the following, index
q = q(%, n) refers to the rectangular iris and p = p(bj, i)

refers to the cavity.

where k.m = (2m + 1)~/a and ~Zj = (2j + l)n-/h and

where ,kVn = ~.
The coefficients of the magnetic coupling matrix Hm are

calculated in the same way
.—

,. ‘

(32)
where Iz is given by (30) and

I
{

~~in(–?f! + !!lf!?) if i = kvnR
v. = m[cos(io-~)-(-1)~ Cos(id+$j$)]

if i # kv~R.i2—(kunR)2
(33)
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